Abstract. It is well-known that the Jacobson radical of a unital ring R is the largest superfluous right ideal of R. It is recorded here that the result carries over to non-unital rings provided the notion of "superfluous" is taken relative to all regular ideals.
The Jacobson radical of a ring
Let R be an associative ring, possibly non-unital. An element a ∈ R is said to be right quasi-regular if there exists x ∈ R with ax = a + x. (In case R is a unital ring, this is equivalent to 1 − a having right inverse 1 − x.) The Jacobson radical J(R) of R is the two-sided ideal J(R) = {a ∈ R | ∀b ∈ R : ab is right quasi-regular} , see, for example, [McC64, Definition 6 .6].
Example 1.1. Write Q for the (commutative) unital ring of rational numbers of the form s/t for s, t ∈ Z with 2 ∤ t and 3 ∤ t. The units in Q are precisely the elements represented by fractions s/t with 2, 3 ∤ t and 2, 3 ∤ s, in which case the inverse of s/t is t/s.
Let R 0 = (2), the (right) ideal consisting of fractions 2s/t with 2, 3 ∤ t, considered as a non-unital ring. We claim that the Jacobson radical of R 0 is the ideal J = (6) of fractions of the form 6s/t with 2, 3 ∤ t.
As R 0 Q we have J(R 0 ) = R 0 ∩J(Q), by [McC64, Theorem 6.14]. Hence it is enough to verify that J(Q) = J. To show J(Q) ⊇ J let a = 6s/t ∈ J and b = s ′ /t ′ ∈ Q, where 2, 3 ∤ t, t ′ . As tt ′ − 6ss ′ is not divisible by either 2 or 3, the quantity
tt ′ is a unit in Q whence ab is right quasi-regular. It follows that a ∈ J(Q). To show J(Q) ⊆ J suppose that a = s/t / ∈ J, where 2, 3 ∤ t. Then 2 ∤ s or 3 ∤ s. If 3 ∤ s choose b ∈ Z such that sb ≡ t mod 3. Then 3|(t − sb), the quantity 1 − ab = t − sb t is not a unit in Q, and ab is not right quasi-regular. It follows that a / ∈ J(R 0 ) as required.-The case 2 ∤ s is dealt with by a similar argument.
Superfluous ideals and the Jacobson radical
A right ideal J R is called superfluous if for every right ideal I R, 
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Theorem 2.1. Let R be a unital ring. Its Jacobson radical J(R) is a superfluous right ideal of R which contains every superfluous right ideal of R (i.e., J(R) is the unique largest superfluous right ideal of R).
In the next section we will generalise this result to include the case of nonunital rings. We note first that J(R) need not be superfluous in general:
Example 2.2. Consider the ring R 0 = (2) Q from Example 1.1, and let I = (4) ⊳ R 0 be the proper (right) ideal of R 0 consisting of fractions 4s/t with 2, 3 ∤ t. Then J(R 0 ) + I = R 0 ; for given a = 2s/t ∈ R 0 with 2, 3 ∤ t we have trivially
As I R 0 this shows that J(R 0 ) is not a superfluous right ideal.
quite superfluous ideals and the Jacobson radical
Recall that a right ideal I of a ring R is called regular if there exists an element e ∈ R such that er − r ∈ I for all r ∈ R. We call e a regulator of I. Every superfluous right ideal is quite superfluous. Every right ideal contained in a quite superfluous right ideal is quite superfluous. . Let I be a regular right ideal of R with regulator e. Suppose that I = R. Then e / ∈ I, the element e is not right quasi-regular, and there exists a regular maximal right ideal M containing I but not e.
Proof. If e ∈ I were true we had er ∈ I and hence r = er − (er − r) ∈ I for all r whence I = R, contrary to our hypothesis that I is a proper right ideal. Hence e / ∈ I. Moreover, e is not right quasi-regular. For otherwise there existed x ∈ R such that ex = e + x whence e = ex − x ∈ I. By Zorn's lemma there exists a right ideal M ⊇ I which is maximal among all proper right ideals containing I but not e. Now M is regular as I is, with the same regulator e. Moreover, M is a maximal right ideal. For if N M then e is a regulator of N as well, and we must have e ∈ N by maximality of M . This implies that x = ex − (ex − x) ∈ N for all x ∈ R whence N = R.
It is known that J(R) is the intersection of all regular maximal right ideals of R [McC64, Theorem 6.20]. Hence J(R) = R if and only if R has no regular right ideals distinct from R, in which case every right ideal of R is quite superfluous.
Theorem 3.3. Let R be an associative ring. Its Jacobson radical J(R) is a quite superfluous right ideal containing every quite superfluous right ideal of R (i.e., J(R) is the unique largest quite superfluous right ideal of R).
If R is unital then every right ideal is regular with regulator e = 1, and "quite superfluous" is the same as "superfluous". Thus Theorem 3.3 indeed generalises Theorem 2.1.
Proof of Theorem 3.3. In view of the remarks preceding the Theorem, we may assume that J(R) = R. We start by proving that J(R) is quite superfluous. Suppose that I R is a regular right ideal of R; we will show that J(R) + I = R. Since I is regular, we can choose a regulator e ∈ R so that er − r lies in I for all r. By Lemma 3.2 there exists a regular maximal right ideal M containing I. As the Jacobson radical is contained in every regular maximal ideal, we conclude J(R) + I ⊆ J(R) + M = M = R.
Next, we prove that J(R) contains every quite superfluous right ideal of R. Suppose that the right ideal K of R is not contained in J(R). Then there exist elements a ∈ K and b ∈ R such that ab is not right quasi-regular. Then ab cannot be contained in the regular right ideal I = {abr − r | r ∈ R}. By Lemma 3.2, applied to e = ab, there exists a regular maximal right ideal M of R containing I with ab / ∈ M . As ab ∈ K we have K + M M whence K + M = R as M is a maximal ideal. But M = R, so K is not quite superfluous. Thus the Jacobson radical of R can be described as
where (a) denotes the smallest right ideal of R containing a. As the Jacobson radical of the ring R 0 of Example 1.1 contains the element a = 6, but (a) = J(R 0 ) is not a superfluous (right) ideal by Example 2.2, we cannot replace "quite superfluous" by "superfluous" in (3.5).
A characterisation of the Jacobson radical closely related to (3.5) has been given by Kertész [Ker63] : J(R) = {a ∈ R | ∀s ∈ R : (sa) is superfluous} .
(3.6) By comparing (3.5) with (3.6) we see that the right ideal (a) is quite superfluous if and only if (sa) is superfluous for all s ∈ R.
